We study string theory on a non-singular time-dependent orbifold of flat space, known as the 'null-brane'. The orbifold group, which involves only spacelike identifications, is obtained by a combined action of a null Lorentz transformation and a constant shift in an extra direction. In the limit where the shift goes to zero, the geometry of this orbifold reproduces an orbifold with a light-like singularity, which was recently studied by Liu, Moore and Seiberg (hep-th/0204168). We find that the backreaction on the geometry due to a test particle can be made arbitrarily small, and that there are scattering processes which can be studied in the approximation of a constant background. We quantize strings on this orbifold and calculate the torus partition function. We construct a basis of states on the smooth orbifold whose tree level string interactions are nonsingular. We discuss the existence of physical modes in the singular orbifold which resolve the singularity. We also describe another way of making the singular orbifold smooth which involves a sandwich pp-wave.
Introduction
Most of our present knowledge of string theory pertains to time-independent backgrounds. However, some of the most interesting questions we would like to ask a theory of quantum gravity, namely those related to cosmological singularities and horizons, belong fully to the realm of time-dependent spacetimes. If we want to understand how string theory answers these questions, we need to know how to formulate string theory in such spacetimes.
This is in general a difficult problem. As a simple class of examples, it seems natural to study time-dependent orbifolds of flat Minkowski space by a discrete subgroup of the Poincaré group [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] (see also [11] ). Many such orbifolds contain closed timelike curves, which raise unpleasant issues. Better in this regard is the model studied by Liu, Moore and Seiberg [9] which is an orbifold by Z generated by a parabolic element of SO (1, 2) and belongs to the class of models described by Horowitz and Steif [2] . The orbifold has a light-like singularity and contains closed light-like curves. It has a null Killing vector, which allows one to use light-cone quantization. (See [10] for a discussion of the stability of the singularity in this orbifold. Various other time-dependent backgrounds of string theory were studied, for example, in [12] [13] [14] [15] [16] [17] [18] , and more recently in [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] .)
In the first part of this paper we consider string theory on a very closely-related orbifold, which was recently discussed in [7, 8] . The generator of the orbifold group is a parabolic element of SO(1, 2) combined with a constant shift in a fourth direction. Its main virtue is that the orbifold group has no fixed points, and therefore the quotient space contains no singularities at all. In the limit where the shift goes to zero we recover precisely the orbifold of [9] .
Studying this singular limit provides a new perspective on the interesting null singularity of [9] . Perhaps more significantly, the orbifold with the shift provides a time-dependent string background which has a free world-sheet description, and in which the backreaction is under control. The ability to study the issue of time-dependence separately from complications raised by the presence of singularities is likely to be quite useful.
For example, despite the solvable and smooth nature of the world-sheet theory for this model, it is still not clear how to do string calculations to an arbitrary loop order in the covariant gauge. The orbifold does not have any useful Euclidean continuation, so one is forced to do computations in Lorentzian signature of space-time and therefore also in Lorentzian signature on the world-sheet. Riemann surfaces of genus different from one, however, do not admit any smooth Lorentzian metric, posing an obvious difficulty for covariant calculations.
In the second part of the paper, we ask whether in the IR 1,3 × IR 6 model of Liu, Moore and Seiberg [9] , specifying the initial data for the geometry only on a slice of a constant light-cone time determines that there will be a singularity in the future (or in the past). We find that the answer to this question is negative and we present everywhere non-singular gravitational solutions whose light-cone-time past exactly coincides with that of the singular orbifold of Liu, Moore and Seiberg [9] . In addition to the light-cone-time past, one can, if desired, make also late light-cone-time future coincide with that [9] . While this work was in progress we learned that a similar study was being made [36] , and that the smooth time-dependent orbifold of Minkowski space was also suggested by Joe Polchinski and Eva Silverstein.
The organization of this paper is as follows. In §2 we describe the classical geometry of the nonsingular orbifold and discuss some sets of coordinates which will be useful. In §3 we probe the geometry with test masses and show that it does not collapse gravitationally. In §4 we consider the wavefunctions of a scalar field in this background. In §5 we quantize strings on the orbifold in light-cone gauge, and calculate the partition function. In §6 we study tree level amplitudes on the orbifold and show that there is a basis of wavefunctions in which they are nonsingular. In §7 we study the mode of the singular orbifold which turns on the shift. In §8 we resolve the singularity of [9] with a sandwich wave. In §9 we conclude.
Classical Geometry
The geometry we will study is a Z orbifold of flat Minkowski space IR 1,3 (times IR 6 or IR 22 , depending on whether we want to consider superstrings or bosonic strings). In terms of coordinates
the metric is
We will write the generator of the orbifold group Γ L as
This corresponds to a composition of a null Lorentz transformation of the (x + , x, x − ) subspace and a translation by L in the χ-direction. In terms of the spacetime coordinates,
For L = 0 the orbifold becomes the orbifold studied by Liu, Moore and Seiberg [9] , which is singular at x + = 0. For non-zero L this orbifold is completely smooth and does not have any closed time-like or space-like curves. The spacetime interval (nvx
points identified by the n-th power of the orbifold group generator (2.3) is strictly positive. The IR 1,3 /Γ L=0 orbifold has the property that every spacetime point with x + > 0 is in the causal future of every point with x + < 0 [9] . This is no longer true for L = 0.
The IR 1,3 /Γ L orbifold in general preserves the subgroup of the four-dimensional Poincaré symmetry group generated by p χ , J, and p + = −p − . For non-zero L, the topology of the spacetime is simply IR 3 × S 1 , which can be made manifest by defining a new set of coordinates x + , x, x − , χ by 5) in terms of which the orbifold action becomes
The map between (x + , x, x − , χ) and ( x + , x, x − , χ) is everywhere smooth and one-to-one, and can be easily inverted:
The metric now becomes
which is non-degenerate everywhere.
Away from x + = 0 one can define another useful set of coordinates,
The corresponding identifications and metric are
10)
The definition of the y-coordinates in (2.9) is the same as in [9] .
Backreaction of particles on the geometry
One of the first questions that arises when one considers time-dependent orbifolds is whether the presence of a single particle causes the spacetime to gravitationally collapse. Placing one such particle of rest mass m (say m = 0) in the orbifold corresponds to adding to the universal covering space an infinite number of particles (the original one plus its images) which are boosted with respect to each other. Since the boost of distant particles goes to infinity, one might worry that the mass of a finite number of them might be larger than the corresponding Schwarzschild radius (which would be a clear sign of a large backreaction).
We will see that if L = 0 this does not happen here, provided m is not too large. Suppose we work in an inertial frame in which the 'original particle' is at rest. At any time x 0 the distance to its n-th image will be no smaller than nL, i.e. it grows at least linearly with n. The velocity of the n-th image is
and corresponds to energy
Therefore the total energy of the first 2n images grows like n 3 . This energy is not the centerof-mass frame energy of the first 2n images (which is actually smaller), but even if it were, the corresponding Schwarzschild radius would not grow faster than (n 3 ) 1/(10−3) = n 3/7 , since we work in ten dimensions.
1
For non-zero L, this is still grows slower than the smallest size nL of the region containing the first 2n images. As a result, adding a particle of small enough energy to 1 The center-of-mass frame energy grows like n 2 , leading to a gravitational radius of order n 2/7 , as discussed in detail in [37] .
the null-brane does not cause a gravitational collapse. (Clearly, we cannot make a similar statement for the parabolic orbifold, where L = 0). For massless particles, we need to modify the argument just very slightly. Pick an inertial frame in which the particle has an energy E 0 . The images will be boosted in some direction by the same gamma-factor γ n as in (3.2) . This means that E n ≤ (1 + v)γ n E 0 , leading to the same conclusion as before.
A very similar kind of reasoning shows that for small enough energies (and large enough L), scattering amplitudes of approximately localized particles (or strings) are not affected much by the image particles, and therefore they are inherited from the covering space with just small corrections. This means that there exist scattering amplitudes for which it does make sense to work in the approximation of a fixed background, as we do in §6. Of course, for large enough energies this approximation will break down, just like in any other spacetime.
Scalar particle wavefunctions on the smooth IR
First quantized wavefunctions of scalar particles in the IR 1,3 /Γ L =0 orbifold are a close analog of the wavefunctions for the L = 0 case [9] . The wave equation for scalars is
The orbifold group generator (2.3) can be expressed as
Because U(g L ) commutes with p + , J, and p χ we may use the corresponding eigenvalues to label the wavefunctions. Up to the case of p + = 0, they have the form
where ξ = −J/p + and
(4.4)
2 From now on we will set v = 2π for simplicity.
In the limit x + → 0 the wavefunctions (4.3) become lim
In the L = 0 case a similar statement implied [9] that the wavefunctions of definite p + were supported at x + = 0 on the lattice x ∈ 1 p + Z. Here the situation is just slightly more complicated. In terms of (4.3) taking the orbifold corresponds to making 2πJ + Lp χ quantized:
As a result, the support of the wavefunctions (4.3) at
i.e. the lattice has a p χ -dependent shift. This allows one to construct a Fock space basis consisting only of wavefunctions which are smooth everywhere. We will be introduce it in section 6.
Strings on the smooth orbifold
The analysis of string propagation on the orbifold IR 1,3 /Γ L proceeds very similarly to the analysis for IR 1,3 /Γ 0 performed in [9] .
Light-cone gauge quantization
In the light-cone gauge x + = y + = τ , we can express the worldsheet Lagrangian for
(5.1) Invariance under the choice of origin of the σ-coordinate leads to the constraint [38] 
The orbifold action 
where we have rescaled σ to range in [0, ℓ = 2πα ′ p + ). The direction of the Killing vector x + is changed by the orbifold action, and as a result, the Hamiltonian P x + is not invariant under (5.3). The mode expansions for the physical worldsheet fields in the w-twisted sector can be written as follows: As in the previous section, J defined as
must be quantized. Here, the constraint (5.2) implies
where N and N are the usual number operators. Strings on the IR 1,3 /Γ L orbifold can also be quantized covariantly in a manner very similar to the covariant quantization of IR 1,3 /Γ 0 in [9] .
The torus partition function
The calculation of the torus partition function for bosonic strings on the resolved orbifold IR 1,3 /Γ L was actually implicitly contained in [9] . It is, however, instructive to see it more explicitly. We wish to calculate
Here the coordinates x + , x and x − are combined into a single vector X, and G represents the corresponding part of the space-time metric:
The orbifold action becomes
The worldsheet metric can be chosen as
with σ 1 , σ 2 ∈ [0, 1). Plugging the world-sheet metric into (5.9), we get
The worldsheet fields in the (w 1 , w 2 )-twisted sector can be expanded as 14) implying, in particular,
(5.15) Let us first see how the modes of X with non-zero (n 1 , n 2 ) contribute to the partition function. Their contributions to the action will be of the form α,β=0,1,2
and if α or β is non-zero, then Υ 13 = Υ 22 = Υ 31 = 0. Therefore only terms with α = β = 0 will contribute to the determinant of the matrix and have any effect on the result of the gaussian integration 3 . Because they are independent of w 1 and w 2 , one concludes that the contribution of oscillators of X to the partition function will be the same as in Minkowski space [9] . As a result, only the zero modes of X can have any (w 1 , w 2 )-dependent contribution. Because in this case (n 1 , n 2 ) = (0, 0), the second terms on the RHS of (5.15) vanish, and we get
Since in each sector χ is just a periodic boson, whose zero mode contributes an action 19) we find that the full partition function for the bosons is
(5.20)
Using Poisson resummation, one can show [9] that for L = 0 the bosonic contribution to the one-loop cosmological "constant" diverges as x + → 0,
For L = 0, this contribution is resolved to 22) where the dots denote other non-singular terms (which are subleading if L is small). This is consistent with the interpretation [9] of the divergence at L = 0, x + = 0 as arising from light winding modes. 3 We wick rotate the timelike modes to define this integral. 4 To avoid any confusion, we should stress that here x + denotes the zero-mode of x + (σ, τ ).
Extension to superstring backgrounds
The IR 1,3 /Γ L orbifold can be thought of as a superstring background. In the GreenSchwarz formalism one needs to add six more worldsheet bosons (corresponding to IR 6 ) and the appropriate worldsheet fermion content. Because π 1 (IR 1,3 /Γ L ) = Z, there are two different spin structures we can choose. One of them makes the orbifold supersymmetric, and corresponds to all the extra worldsheet fields being single-valued [38] . For the nonsupersymmetric choice, strings with odd winding numbers will have antiperiodic worldsheet fermions.
The formulas for the bosonic partition function (5.20) can be applied to the superstring. The full partition function will contain a factor of the fermionic partition function, which will vanish if we choose the supersymmetric spin structure.
With the opposite choice of the spin structure, supersymmetry is broken and a oneloop dilaton tadpole is generated, in analogy to [39] . For large enough L, this potential is an everywhere-finite function on spacetime which goes to zero at large |x + |. However, because of the low codimension of its support, this one-loop energy-momentum tensor causes a significant backreaction on the geometry. To avoid this, one could consider including a rotation of the extra planes (
into the action of the orbifold group generator g L . Compensating for the Casimir stress-energy by a small local change of the metric and dilaton near the axes of rotation would be similar to [28] . In this way, one would obtain a non-supersymmetric perturbatively stable timedependent background. At least in some range of parameters, the leading instability would be nucleation of Witten bubbles [40] [41] [42] [43] [44] [45] [46] [47] [48] 28] . The fact that such bubbles are possible (in some range of parameters) can be seen quite easily. Given a small enough v, the region around x = x + = 0 looks like a time-independent generalized 'twisted circle' orbifold [e.g.
49-56] (cf. (2.8)), the twist being the rotation in the extra planes (x
As a result, it must be possible to nucleate a generalized Witten bubble locally. For this reason, there must exist a bubble solution which is extendable to a global solution to Einstein's equations asymptoting to the non-supersymmetric time-dependent orbifold. It is possible that such a solution could be obtained by an alternative Wick rotation of the Euclidean Kerr solution.
Tree-level string interactions on the smooth orbifold
The basis of states used in [9] to calculate string amplitudes on the IR 1,3 /Γ 0 orbifold is a singular one. Using this basis of states in Minkowski space one would find similar tree-level divergences in special kinematic regimes. However, on the singular orbifold one has no option (as one has in Minkowski space) to use a less singular basis.
On the smooth orbifold, one has a better option. Define a basis of wavefunctions by the following convolution of plane waves:
where in this integral, the variable ξ = −J/p + is considered as a function of p χ and J, via the equation
and φ p + ,p,p χ (x + , x, x − , χ) is an on-shell plane wave as in (4.4), with p − now including also a contribution from p. Performing the two integrals in (6.1) one finds
We note that this convolution (which diagonalizes J) would not be sensible on the orbifold without the shift by L. As one can see from the fact that the magnitude of this wave remains finite near x + → 0, these wavefunctions lack the focusing properties of those in the singular orbifold. (Intuitively, they are gaussian linear superpositions of J-eigenfunctions (4.3), (4.5) which are focused on different points.) As one might expect from this observation, the tree-level divergences in string theory amplitudes involving untwisted states on the singular orbifold are absent in the resolved case using this basis of states. For example for tachyons the four-point amplitude for scattering these states is obtained, as in [9] , by convolving the four-point amplitude for planewave tachyons on the covering space with the kernel which produces the wavefunctions from plane waves, and replacing delta functions with Kronecker deltas. The amplitudes in the J basis (6.2) may be obtained from those in the J-basis (equation (6.16) of [9] ) by a convolution integral over p χ considering the quantum number J = J − L 2π p χ to be a function of p χ .
Amplitudes involving generic momenta are smooth [9] . A divergence was found in a kinematic regime which explored the Regge region of the amplitude on the covering space. The dangerous part of the amplitude occurs when p
, near very large q in the following integral:
Performing the integral over k one finds
The divergences in four-point functions found in [9] are therefore absent in the resolved orbifold. One might have worried that these divergences were associated purely with the time-dependent nature of the background and the identifications which include very large boosts. This calculation demonstrates that this is not the case.
On the nature of the resolution by the shift
The light-like orbifold singularity of [9] is very different from any time-like singularity in string theory, such as the A k singular limit of the supersymmetric C 2 /Z k+1 orbifold. In particular, if one wants to obtain the A k singularity as a limit of some smooth geometry, one has to send the curvature to infinity. In this sense the A k singularity is really a curvature singularity. This is not true in the case of the IR 1,3 /Γ 0 orbifold, because it can be thought of as the L → 0 limit of the IR 1,3 /Γ L orbifold, which is smooth and flat everywhere.
It is important that the group Γ 0 = Z (2.4) is not finite. If one added a shift by L in an extra direction, for example, to the orbifold group generator of C 2 /Z k+1 , the group would become Z and one would obtain a (generalized) 'twisted circle' orbifold [49] [50] [51] [52] [53] [54] [55] [56] . In that case, sending L to zero would not lead to the original C 2 /Z k+1 . Points identified by the (k + 1)-th power of the orbifold group generator would be very close to each other, and for any non-zero L, they would be distinct. If we wanted the get some C 2 /Z k+1 orbifold in the limit L → 0, we would be forced to perform a T-duality.
On the possibility of a local resolution by the shift mode
Because the IR 1,3 /Γ 0 orbifold is a limit of the smooth IR 1,3 /Γ L orbifold, it is natural to ask whether there are any physical modes in the IR 1,3 /Γ 0 orbifold which would make L locally non-zero and smooth out the null singularity.
To address this question we calculate the distance in the configuration space between L = 0 and some fixed non-zero L = L f . More precisely, we will calculate the Zamolodchikov metric for the CFT operator which increases L by δL in the light-cone gauge at some fixed non-zero light-cone time, and then integrate it over L. In the time-independent context, a similar calculation for a marginal operator would give the distance in the moduli space.
Let us first use the y and ψ coordinates (2.9), (2.11). The worldsheet action (with the period of σ being 2πα
1) leads to the correlation functions
The operator which, when added to the worldsheet action, changes L by δL is
Using (7.2), one finds that the Zamolodchikov metric, defined as
The resulting distance between L = 0 and L = L f is therefore
An easy way to arrive at (7.5) is to translate the Zamolodchikov metric (7.4) into the usual metric on the space of metrics [57] . The marginal operator (7.3) can be written in a general form
where µ, ν = 2, 3 and where we have defined Y 2 = y and Y 3 = ψ. The coordinates y and ψ, defined in (2.9), are linear combinations of the cartesian coordinates x and χ whose coefficients depend on τ = x + . We can express this fact as
where α = 2, 3 and X 2 = x, X 3 = χ. This allows us to rewrite the expectation value of interest as
9) The dots here denote terms containing τ -derivatives of various e µ α . It is important to note that such terms do not contribute to the limit (7.4) and can be ignored. Evaluation of the expectation values on the right-hand side of (7.9) is identical to the standard calculation in flat Minkowski space, giving
The Zamolodchikov metric then becomes
0 δL (7.13) into (7.12), we get,
Upon translating from light-cone gauge, y + = τ , this gives (7.5).
The reader may be puzzled that even in the completely smooth orbifold IR 1,3 /Γ L we have found a quantity which diverges near y + = 0. This is an artifact of our choice of coordinates on field space. If we chose instead to modify L using the coordinates x + , x, x − (2.1), (2.2), and χ = χ/L, we would write
For the metric on field space we find (just like in the case of changing the size of an ordinary Kaluza-Klein circle in string theory),
Therefore, for any nonzero L or nonzero x + , we have found a fluctuating mode which turns on the shift. However, when both L = 0 and x + = 0, the kinetic term for any such mode diverges, and the fluctuations freeze out. Further, as with any physical description which uses constant-value surfaces of a null coordinate x + as initial-data slices, objects with p + = 0 are subtle. The singularity at x + = 0 is such an object. Begin with any spacelike hypersurface on which to specify initial data with L = 0. If we try to extend it as much as possible, it will inevitably touch the locus x + = 0. At x + = 0 the L-mode which resolves the orbifold does not fluctuate. Therefore with this initial data, L will continue to vanish along x + = 0, and the singularity will persist.
We should point out that our discussion above is not completely conclusive. The most important issue is whether for L = 0 we are allowed to do any perturbative calculations near the singularity at all. It is natural to expect that in the near singularity region any string probe would cause a large backreaction and make the singularity locally space-like, in the spirit of [10] . For this reason, the applicability of CFT techniques is questionable if L and |x + | are both small.
8. Replacing the IR 1,3 /Γ 0 singularity with a sandwich wave
In this section, we would like to ask whether it is possible to have a smooth future evolution of the geometry if we specify the initial data on the slice of a constant light-cone time y + to be exactly those of the (singular) IR 1,3 /Γ 0 orbifold. In other words, is the presence of the singularity inevitable once such initial data on y + = y + in < 0 are given? As we will see, the answer is that the singularity at y + = 0 can be evaded easily and we will construct the corresponding gravitational solutions (which are actually exact to all orders in α ′ [13] ). The y + = y + in hypersurface is not a Cauchy surface, and of course, there can be gravitational waves coming from the region where the data have not been specified.
The appropriate classical gravitational solutions are smooth orbifolds of a certain type of four-dimensional Ricci-flat "sandwich waves" [58] described in [59] (times IR 6 ). These waves belong to the family of plane-fronted waves with parallel rays (pp-waves), as can be seen from [60] . They consist of three regions: (I) y + < A, where the spacetime is exactly flat, (II) y + ∈ (A, B) with the Riemann tensor non-vanishing, and (III) y + > B, where the spacetime is flat again. The support of the Riemann tensor is therefore perfectly localized between A and B.
We will parametrize the geometry in all the three regions by one set of coordinates. In addition to y + , we will also use coordinates y − , y and χ. The metric in region II can be written as
where M, N y , N χ and Ω are some constants. This metric can be matched onto flat Minkowski space along y + = A and y + = B. In order to do so, one has to perform a coordinate change to obtain the following form of the Minkowski metric in regions I and III ds
The appropriate coordinate transformation relating (8.2) and
The matching conditions requiring that the metric and its first derivatives are smooth lead to certain simple algebraic relations between the coefficients in (8.1) and (8.2), which we will not write down explicitly. In addition, there is a constraint resulting from the requirement that the metric have no coordinate singularity in region II. Intuitively, the distance between two points separated by a constant coordinate distance in y changes linearly with y + in region I, then it follows a hyperbolic cosine in region II, and finally in region III, it changes linearly again. (See fig. 1 .) A similar statement is true for the χ coordinate, with the cosine not being hyperbolic.
Note that the metric (8.1), (8.2) in all the three regions is invariant under constant shifts of y. This allows us to consider a Z orbifold with the orbifold group action generated by y → y + 2π,
In particular for region I, we may choose α I = 0 and β I = 1:
Using a coordinate transformation in the spirit of (8.4), we can write this also as
In this way, we obtain exactly the same metric and identifications as in the case of the IR 1,3 /Γ 0 orbifold, expressed in terms of coordinates y + , y, y − , χ defined by (2.1) and (2.9)
with L = 0. If we start with (8.7) (or equivalently with (8.6) ), what will be the geometry after the wave passes, i.e. in region III? This depends on the strength of the wave we choose and on the light-cone time B where the wave is glued to flat space.
If we choose B − A small, the y-circle will continue to shrink after the wave passes (slower than before), and eventually it will form a singularity. On the other hand, an appropriate choice of parameters (B > M ) can make the y-circle expand again without going through a singularity. This can be seen as follows. This means that if we choose some definite value of Ω > 1/|A|, the value of A − M and N 2 y will be uniquely determined. In addition, in order to avoid χ-coordinate singularities between y + = A and y + = M , we need to satisfy we obtain a wave where the circumference of the y-circle first shrinks and then it expands without ever vanishing. For the marginal choice B = M , the light-cone time future of the geometry will be a static Kaluza-Klein compactification on a circle.
Conclusion
In this paper, we have studied a completely smooth time-dependent orbifold of Minkowski space. Strings in this background are very well-behaved, and the string amplitudes appear to define a set of S-matrix observables. In particular, perturbative corrections to the background are well-controlled by the value of the dilaton at large |x + |. This is true even in certain nonsupersymmetric generalizations, with large enough L ≫ √ α ′ . Such cases seem to provide interesting and simple examples of time-dependent backgrounds where nonperturbative instabilities such as bubbles of nothing [40] can be the leading effects. A similar situation for time-independent orbifolds was found in [28] .
